I. INTRODUCTION
Ferrofluids are colloidal suspensions of magnetized and sterically stabilized nanoparticles dispersed in a non-magnetic carrier liquid [1] . The magnetic susceptibility is a key property of ferrofluids, determining the response of the magnetization M to an applied field H. The initial static magnetic susceptibility χ = ∂M/∂H| H=0 and the full magnetization curve M (H) of magnetic materials have been the subjects of intense theoretical and experimental study since the early 1900s, when Langevin's theory of an ideal (non-interacting) paramagnet was proposed [2] . In the case of ferrofluids, a vast range of models has been developed to link the macroscopic magnetic response to the granulometric composition of the ferrofluid and the interactions between the magnetic nanoparticles. Examples include Weiss' mean-field theory [3, 4] , the mean-spherical approximation closure of the Ornstein-Zernike equation [5, 6] the high-temperature approximation [7, 8] , first-order [9] and second-order modified mean-field (MMF) theories [10, 11] , and Born-Mayer cluster-expansion theories [12] [13] [14] .
As judged from comparisons with experimental and computer-simulation data, the most successful systematic approach to the magnetic response of ferrofluids is the MMF theory.
Although first proposed as an ad-hoc modification of the Weiss mean-field theory [9] , the MMF approach arises naturally from a rigorous application of the Yvon-Born-BogolyubovGreen-Kirkwood hierarchy [15] linking the one-particle distribution function to the twoparticle correlation function [10, 11] . In physical terms, the MMF provides a means of including the effective field experienced by a particle due to the external field and all of the other particles. By approximating the pair-correlation function in various ways, e.g., through virial-type expansions and thermodynamic perturbation theory, a systematic approach to χ and M (H) can be established. The first-order MMF (MMF1) theory gives the exact leading-order correction to the Langevin theory, which is proportional to the square of the Langevin susceptibility. The MMF theory at various levels of approximation, and almost all other available theories, have been tested critically against experimental data and computersimulation results for monodisperse and polydisperse magnetite ferrofluids over broad ranges of temperature and concentration [10, 11, [16] [17] [18] . In Ref. 16 , for example, it was shown that the second-order MMF theory (required for concentrated ferrofluids) is the only available approach that gives a consistent link between the particle-size distribution and M (H) over all concentrations. It is worth pointing out that theories of the initial magnetic susceptibility are trivially applied to static dielectric constants of polar molecular materials.
The frequency-dependent magnetic susceptibility χ(ω) = χ (ω) + iχ (ω) is an important property of soft magnetic materials [19, 20] that forms the basis of many applications [21] [22] [23] [24] [25] .
For instance, the heating of a magnetic fluid with an AC magnetic field is proportional to the imaginary (out-of-phase) part χ (ω) [26] . This has led to applications in medicine [27, 28] , such as localized heating (hyperthermia) and destruction of diseased tissue [29] [30] [31] . In the linear-response (weak-field) regime, the susceptibility spectrum χ(ω) is related to the decay of spontaneous magnetization fluctuations in zero field [15] . The dynamics of this process depends sensitively on the particle size [1] : the relaxation time from the Néel mechanism (fluctuation within the crystal structure of the nanoparticle) increases exponentially with the nanoparticle volume, while the Brownian relaxation time (arising from body rotation) increases linearly with the volume. In small magnetite particles, with diameters of less than 10 nm, the Néel mechanism dominates with relaxation times on the order of τ N ∼ 1 ns. In larger magnetite particles, with diameters of more than 10 nm, the Brownian mechanism dominates with relaxation times on the order of τ B ∼ 1-100 µs. The dynamical analogue of the Langevin theory is the celebrated Debye theory, widely applied to both magnetic and electric polar materials [32, 33] . The Debye theory applies when the particles are essentially non-interacting, i.e., in an ideal paramagnet or ideal polar gas, and the zero-frequency limit of the Debye theory gives the Langevin susceptibility.
Interparticle dipole-dipole interactions do not affect the Néel mechanism significantly, but they do slow down the Brownian mechanism. It goes without saying that it is vital to understand the effects of material parameters on such processes in order to develop new materials for applications, such as hyperthermia [34] [35] [36] . Several attempts have been made to describe the effects of interparticle interactions on the susceptibility spectrum [37] [38] [39] [40] . In all cases, dipole-dipole interactions are predicted to increase the Brownian relaxation times, and hence decrease the peak (absorption) frequency in χ (ω). In physical terms, strong positional and orientational correlations between particles mean that there are collective cluster-type motions, which are slower than single-particle motions. Such effects have been detected in experiments [41] [42] [43] although the analysis is complicated because both the interactions and the polydispersity of the sample must be taken in to account.
Recently, a new dynamical theory of interacting dipolar particles in the Brownianrelaxation regime has been proposed that is analogous to the first-order MMF approach outlined above [44] . The theory has the following essential properties: firstly, the correct single-particle Debye-theory results are recovered in the limit of low concentration and/or vanishing interactions; secondly, in the zero-frequency limit, the theory recovers the correct MMF1 result for the static susceptibility (for any particle-size distribution); thirdly, the particle-size distribution is prescribed at the outset, and so there is no need for ad-hoc generalizations of a simple single-particle picture to the polydisperse case; and finally, the theory is based on rigorous statistical-mechanical principles, and so it should be possible to extend it systematically to higher orders in concentration and dipolar coupling constant.
The dynamical version of the MMF1 theory (referred to here simply as the MMF1 theory) has been used to analyze various features of the susceptibility spectra in real polydisperse ferrofluids [20] , namely, the behaviors of χ and χ in the low-frequency domain, and the peak (absorption) frequency of χ [44] . The analysis showed that the susceptibility spectrum is not a simple superposition of single-particle, Debye-theory functions; it is a more complex function that depends not only on the particle-size distribution, but also on the strengths of the interactions and the overall concentration. For instance, in polydisperse systems, the peak frequency is much less sensitive to increasing concentration than in monodisperse systems. This is due to the peak frequency of a polydisperse ferrofluid being dominated by a small fraction of large particles, and the interactions between these particles are only weakly affected by a change in overall concentration; in a monodisperse ferrofluid, all particles contribute equally to the response and are affected by concentration to the same extent. Note that the models discussed here are not necessarily applicable to polar molecular materials, because the relaxation of electric polarization fluctuations over short timescales are inertial rather than Brownian. Hence, Brownian models will always be approximations to the true molecular motions.
The dynamical MMF1 theory has not yet been tested rigorously against accurate computer-simulation results. This is the aim of the current work. To maximize the effects of particle interactions and concentration on the susceptibility spectrum, the study will be restricted to the monodisperse case. Brownian dynamics (BD) simulations will be used to compute the susceptibility spectra, and the key characteristics will be extracted and compared to the predictions of the Debye and MMF1 theories. It will be demonstrated that the MMF1 does indeed predict all of the right trends in the spectral properties, and that the agreement between theory and simulation is quantitative in the weak-interaction regime. The rest of this article is organized as follows. In Section II, the monodisperse ferrofluid model is defined (II A), the Debye and MMF1 theories are summarized (II B and II C, respectively), some essential elements of linear-response theory are noted (II D), and the details of the BD simulations are explained (II E). The results are presented in Section III, and Section IV concludes the paper.
II. MODEL, THEORY, AND SIMULATIONS

A. Model
The system is comprised of N dipolar particles of mass m in a three-dimensional volume V at temperature T . The total interaction potential between particles i and j is u ij = 
where r ij = |r ij | is the separation between the particles, r min = 2 1/6 σ is the minimum in the Lennard-Jones (LJ) potential, and and σ are the LJ energy and range parameters, respectively. The magnetic dipolar interaction is
where µ i is the dipole moment on particle i, and µ 0 is the vacuum magnetic permeability. As usual, reduced units are employed: the reduced concentration is ρ * = ρσ 3 where ρ = N/V ; the reduced dipole moment is µ * = µ 0 µ 2 /4πσ 3 ; the reduced temperature is
the dipolar coupling constant is λ = (µ * ) 2 /T * ; and the time is measured in units of τ LJ = mσ 2 / .
B. Debye theory
The Debye theory of polar relaxation is well known [32, 33] , but the basic elements of the theory are outlined here in order to enable straightforward extensions to the MMF1 case in Section II C. The particles are modeled as undergoing Brownian motion in a solvent with shear viscosity η. The single-particle (or non-interacting particle) translational and rotational diffusion constants are given by the Stokes-Einstein(-Debye) relations
The interaction energy U between a particle dipole µ and an AC field H z (t) = he −iωt linearly polarized in the laboratory z direction is
where α = µ 0 µh/k B T is the Langevin interaction parameter, and θ is the polar angle of the dipole orientation vector. The rotational motion of a single particle is described by the probability density W (θ, t) which is the solution of the Fokker-Planck equation [45, 46] 1
The equilibrium probability density satisfies the equation ∂W/∂θ + (W/k B T )∂U/∂θ = 0 and is given by W 0 = C exp (α cos θ) where C is a normalization factor. In the linear-response regime, where α is a small parameter and only linear terms are retained, the time-dependent solution of Eq. (6) is of the form
where the Brownian rotation time is
The magnetization in the z direction is
where
is the Langevin static susceptibility. The frequency-dependent susceptibility in the Debye theory is therefore
The peak frequency in
B . The leading-order deviations from the zerofrequency values χ D (0) = χ L and χ D (0) = 0 are proportional to ω 2 and ω, respectively.
C. First-order modified mean-field theory
The modified mean-field theories [10, 11] revolve around determining the one-particle probability density based on its connection to the pair-correlation function (PCF) through the Yvon-Born-Bogolyubov-Green-Kirkwood hierarchy [15] . In physical terms, the oneparticle probability density (and hence the magnetization) is determined not by the applied field, but by an effective field containing contributions from all of the other particles which are represented by the PCF. In seeking a systematic approach to this effective field, the pair-correlation function is expanded in powers of ρ and λ. The MMF1 theory corresponds to keeping the leading-order term proportional to ρλ. The case of a static applied field was treated at both first-order and second-order levels in Refs. 10 and 11. In Ref. 44 it was
shown that in the presence of an applied AC field, the effective interaction energy between a single particle and the effective AC field at the MMF1 level is
which mirrors the static case, where the effective field is increased by a factor of (1 + χ L /3) [10, 11] . By once again seeking a solution of the Fokker-Planck equation of the form W = 1 + (α cos θ)f (ω)e −iωt , but with U eff in place of U , the function f (ω), the magnetization, and the susceptibility spectrum can be determined straightforwardly just as in Section II B.
The key results are that
The static susceptibility is
which corresponds to the MMF1 and high-temperature approximation results [7] [8] [9] [10] [11] . The peak frequency in χ (ω) is given by
This shows that increasing the concentration and/or dipolar coupling constant leads to a reduction in peak frequency, reflecting stronger orientational correlations between particles and the growth of collective orientational dynamics. The low-frequency behaviors of the real and imaginary parts of χ(ω) are
D. Linear-response theory
In linear-response theory, the susceptibility spectrum can also be expressed in terms of the equilibrium (zero-field) magnetization autocorrelation function (MACF) C(t) [15] . For an infinitely thin sample oriented along the laboratory z axis (as is assumed in theory [10, 11, 44] ) or for a sample surrounded by a perfect conductor (as is assumed in simulations -see Section II E) the demagnetization fields vanish. In this case, the susceptibility spectrum is given by
where the static susceptibility is
The MACF is defined by
is the instantaneous magnetization. Using these relations, it is possible to define, in general, a characteristic decay time for the MACF by
In the Debye theory, τ 0 = τ B and C(t) = exp (−t/τ B ). In the MMF1 theory
which increases with increasing concentration and dipolar coupling constant, reflecting a growth in collective orientational dynamics.
E. Simulations
Brownian dynamics (BD) simulations were performed using LAMMPS [47, 48] . The simulation cell was a three-dimensional cubic box with periodic boundary conditions applied.
The reduced temperature was set equal to T * = 1 in all cases. Densities ρ * and dipolar coupling constants λ were chosen to span a range of Langevin susceptibilities up to χ L = 2.93: (22) was carried out numerically without any filtering or windowing.
III. RESULTS
In order to validate the BD simulation methodology and analysis, simulations were first run at concentration ρ * = 0.20 and with the dipole-dipole interactions turned off (u 
which is also shown in Fig. 2 . This does marginally better than MMF1, but it's clear that higher-order terms in λ are required. In fact, for a system with specified short-range interactions, the static susceptibility can be expressed as a combined virial expansion in ρ and thermodynamic-perturbation expansion in λ [10] [11] [12] [13] [14] . The correction of order ρ 2 λ 4 is known, and the extension of the MMF2 expression to WCA particles at T * = 1 is
This is shown in Fig. 2 as 'MMF2 + ρ 2 λ 4 ' plotted for the two cases of ρ * = 0.20 and λ = 1.
There is not much change from the MMF1 and MMF2 results for λ = 1, but the agreement with simulations at ρ * = 0.20 is excellent, despite the short-range interactions being WCA and not hard sphere. This discussion is only meant to highlight the effects of truncating the expression for the static susceptibility at different orders. At present, the corresponding results for the susceptibility spectrum are known only at the MMF1 level. At this level of approximation, the properties should depend only on χ L , and not on the particular values of ρ * and λ. Figure 2 shows that this rule is obeyed up to χ L 1, and above this point the different levels of approximation, and different choices of parameters, give different results.
It is therefore anticipated that the dynamical version of MMF1 will be accurate as long as With increasing χ L , the simulation results and MMF1 theory diverge from one another.
Above χ L 1 the MMF1 theory tracks the results at ρ * = 0.20, but this is accidental: the static-susceptibility results in Fig. 2 show that the MMF1 theory is not accurate with strong interactions.
The coefficients A and B in the low-frequency expansions of χ (ω)/χ(0) (ωτ B ≤ 0.02) and χ (ω) (ωτ B ≤ 0.004) were determined from fits of the type shown in Fig. 5(b) and (c).
The coefficients are plotted in Fig. 6 
IV. CONCLUSIONS
A critical comparison was made between a new dynamical theory for the magnetic susceptibility spectrum of a monodisperse ferrofluid governed by Brownian relaxation and with significant interparticle dipole-dipole interactions, and numerical results obtained from
Brownian-dynamics simulations. The theory is based on a rigorous statistical-mechanical approach, analogous to the modified mean-field theory of the static magnetization curve.
Consequently, the theory recovers the exact leading-order correction to the Langevin static susceptibility in the zero-frequency limit, and gives the simple Debye-theory results in the non-interacting regime. In addition, the particle-size distribution is accounted for correctly in the theory, although this was not the focus of the current work. Instead, it was shown how various features of the susceptibility spectrum of a monodisperse ferrofluid depend on the concentration and dipolar coupling constant. These features are the low-frequency behaviors of the real and imaginary parts of the spectrum, the peak position in the imaginary part, and the characteristic timescale for relaxation of the magnetization autocorrelation function. On all counts, the theory was shown to be quantitatively accurate as long as the corresponding Langevin susceptibility χ L < ∼ 1. The overall trends with stronger interactions are still accounted for correctly by the theory, but it is clear that higher-order corrections are required. With very high dipolar coupling constants in the range λ > ∼ 4, the formation of long-lived dipolar chains and rings [49] [50] [51] should lead to a reduction in the peak frequency and a broadening of the susceptibility spectrum. Since the theory is based on a systematic statistical-mechanical approach, it is hoped that its extensions to these interesting regimes can be achieved in the near future. λ is the dipolar coupling constant; χ L = 4πρ * λ/3 is the Langevin susceptibility; χ(0) is the static susceptibility; ω 0 is the peak frequency in χ (ω); τ 0 is the characteristic decay time of the MACF;
A and B are the initial low-frequency slopes of χ (ω 2 )/χ(0) and χ (ω), respectively, relative to the Debye-theory values; τ B is the Brownian rotation time; and N is the number of particles. All results are quoted to three significant figures, and all of the fitting errors are zero at this level of precision. 
